In light of null results from New Physics searches at the LHC, we look at unification of the gauge couplings as a model-building principle. As a first step, we consider extensions of the Standard Model with vector-like fermions. We present a comprehensive list of spectra that feature fermions in two distinct SU (3) C × SU (2) L × U (1) Y representations, in which precise gauge coupling unification is achieved. We derive upper and lower limits on vector-like masses from proton decay measurements, running of the strong gauge coupling, heavy stable charged particle searches, and electroweak precision tests. We demonstrate that due to a particular hierarchy among the mass parameters required by the unification condition, complementarity of various experimental strategies allows us to probe many of the successful scenarios up to at least 10 TeV.
Introduction
Unification of three fundamental forces of the Standard Model (SM) into a single gauge interaction has been an enticing idea since the mid 1970s [1, 2, 3, 4, 5] . It emerged as a natural continuation of intellectual efforts that, in merging apparently unrelated phenomena, sought the key to a deeper understanding of nature, first by combining electricity and magnetism into a unified description, later leading to the establishment of the electroweak theory. Although the concept of unification as an underlying organizing principle stems to some extent from a sense of aesthetics, it finds a more robust justification in the fact that the renormalized gauge couplings of the SM, while evaluated at higher and higher energies, seem to converge towards a common value. This behavior might be understood as a manifestation of a new, unified description of fundamental interactions known as Grand Unified Theory (GUT).
Precise gauge coupling unification, however, is not really achieved in the SM as discrepancies among the GUT-scale values of the SM couplings reach several percent. To make it work, the particle spectrum needs to be extended in order to modify the renormalization group (RG) running of the couplings below the GUT scale. 1 Supersymmetry (SUSY) has the advantage of leading to gauge unification in a quite natural way, yet no experimental evidence of the low-scale SUSY has been found so far. While this fact does not undercut it completely as a theoretical framework, it is timely to ask to what extent unification of the gauge couplings is a unique property among various extensions of the SM. In other words, how many different beyond-the-SM (BSM) scenarios can be found whose particle spectrum differ quantitatively from the one of SUSY, and still allow for precise unification.
In addressing this question we would like to remain as generic as possible. On the other hand, a truly comprehensive study of all imaginable SM extensions would be a highly challenging (if not impossible) task. For that reason our approach will be incremental: we are going to begin with a relatively simple BSM setup, which will then be gradually extended to encompass more complex structures. It is in this spirit that we regard the issue of unification as a long term research project, a road map that would guide the model building through the desert between the electroweak (EW) and GUT scales.
We begin with defining the common framework for any unification analysis that we are going to undertake. The most important requirement is that the SM gauge symmetry persists up to the unification scale. It means, we will not consider Pati-Salam [2] or trinification [10, 11] type of GUTs as they do not require simultaneous unification of all three SM gauge couplings. For theoretical consistency, we also demand perturbativity of the renormalized model parameters up to the GUT energies. Now we are going to make several additional assumptions, which on the one hand will substantially simplify the analysis, on the other will restrict the types of BSM scenarios that will be considered. Therefore, such assumptions may be dropped in the future studies. The additional requirements we impose are the following: (i) any extension of the SM must be anomaly free; (ii) scenarios with low scale unification, M GU T ∼ < 10 15 GeV, are not allowed (i.e. general dimension-6 operators leading to proton decay are not forbidden by any additional mechanism [12] ). Since the first condition restricts possible BSM particles to vector-like (VL) fermions and scalars, for the sole purpose of the current study (iii) we will only consider VL extensions of the SM.
The issue of gauge coupling unification in the presence of VL fermions is not a new idea and it received a lot of attention in the literarture, both before the launch of the LHC [13, 14, 15, 16, 17, 18, 19, 20, 21, 22] , and after [23, 24, 25, 26, 27, 28] . Similar analyses within the SUSY framework were performed as well [29, 30, 31, 32, 33, 34] . In most of the former studies only particular types and a limited number of VL representations were considered. In this regard Ref. [13] took a more generic approach and looked at 84 different SU (3) C × SU (2) L × U (1) Y charge assignements for BSM fermions and scalars. Relatively recently the first attempt has been made in Ref. [27] to systematically study all possible VL extensions of the SM, in which BSM matter multiplets form incomplete representations of SU (5). Scenarios with two distinct representations (and no more than six VL pairs in each of them) were considered, while independent VL masses were limited to 5 TeV. 2 In the present work, we build on the findings of Ref. [27] and extend their analysis in several different directions. First of all, we boost the allowed mass range of VL fermions up to 10 TeV. While it may seem far beyond the reach of modern colliders, we will show that due to a particular hierarchy among the VL spectra allowing for unification, as well as to complementarity of various experimental strategies, one is actually able to derive exclusion lower bounds even on multi-TeV masses. Secondly, we do not a priori limit the maximum number of VL pairs in each representation. It turns out that, when this extra condition is discarded, novel solutions with respect to Ref. [27] can be found. Finally, we thoroughly discuss a variety of experimental methods that allow one to test the successful unification scenarios. We derive upper and lower limits on VL masses from proton decay measurements, running of the strong gauge coupling, heavy stable charged particle searches, and EW precision tests. We demonstrate that by combining independent experimental results we manage in many cases to probe (and to exclude) essentially the whole parameter space of a given model. The paper is organized as follows. In Sec. 2 we define the fundamental building blocks of our BSM scenarios in terms of the transformation properties of VL fermions under the SM gauge symmetry group. Sec. 3 presents the main results of the study: a comprehensive list of representations that allow for unification of the SM gauge couplings. In Sec. 4 we discuss in detail experimental bounds that constrain the parameter space of the successful scenarios. We present our conclusion in Sec. 5. Technical details of the analysis are collected in two appendices.
Generic BSM scenarios with VL fermions
We begin our discussion with constructing a set of generic extensions of the SM that satisfy the requirements defined in the introduction, i.e. no extra gauge symmetry is imposed, the only new particles in the spectrum are VL fermions, and the renormalized couplings remain perturbative at the unification scale. We additionally assume for the purpose of this study that any Yukawa interactions generated by the BSM sector and allowed by the gauge symmetry are negligible. 3 We thus introduce N F i copies of new fermionic fields, which transform under the SU
Note that we count separately over both components of the pair, so N F i can only assume even values (with an exception of fermions that transform in an adjoint representation of a non-abelian gauge symmetry group). The index i runs over the number of distinct representations. At this stage both i and N F i are unconstrained. Upper bounds on the dimension of possible VL representations and on the number of fermions that transform accordingly are provided by perturbativity condition. Let us first consider the SM extended by one representation of VL fermions and assume Y F = 0. For various combinations of R 3 and R 2 and increasing number of VL copies, we run the SM gauge couplings from the low-energy scale, which we identify with the top quark mass M t and at which the couplings assume the following values [35] 
up to 10 15 GeV. 4 The VL mass is fixed at 10 TeV as this is the largest allowed value of this parameter considered in the present study. RG equations (RGEs) for the gauge couplings in a general quantum field theory are well known [36] and we summarize their explicit two-loop form in Appendix A.
In Table 1 we show the maximal allowed number of VL fermions, N Fmax , for which the gauge couplings remain perturbative (g i 4π) up to 10 15 GeV. One can see that color octets and electroweak quadruplets are the highest representations possible, and that a total number of 11 different combinations of SU (3) C and SU (2) L charges is allowed. Non-zero hypercharge can only reduce the value of N Fmax . Thus, the requirement of perturbativity up to around the unification scale reduces the possible number of VL fermions that transform under SU (3) C and SU (2) L . In some cases, however, N Fmax exceeds the maximum number of 12 VL copies adpoted in Ref. [27] . We will demonstrate in Sec. 3 that several novel solutions with respect to those presented in Ref. [27] can be found if that somewhat arbitrary assumption is relaxed.
So far our discussion was quite generic as the conclusions regarding the properties of the allowed VL representations resulted merely from the requirement of perturbativity, independently on what happens at the unification scale and how the expected GUT symmetry is realized. It is, however, not the case for the hypercharge. This particular quantum number is much more difficult to deal with in a general manner, as in principle it can assume continuous values. Additionally, hypercharge normalization is not unique as it depends on a particular embedding of the SM into a GUT gauge group [37] , and different normalizations may lead to different predictions regarding the gauge coupling unification. For these reasons we have to depart at this point from an entirely model-independent approach.
We assume from now on that at the unification scale the SU (5) symmetry is restored and VL fermions are embedded into multiplets of SU (5) just like it is the case for the SM fields. This seems to be the most natural choice since SU (5) not only can play the role of a self-contained unified gauge symmetry [1] , but also shows up in breaking chains of larger GUT groups. In Appendix B the decomposition of the irreducible SU (5) representations of increasing dimensions into irreducible representations of the SM gauge group is summarized. It is enough to consider representations up to dimension 75, since the larger ones decompose either to representations that have already appeared in Eq. 30, or to representations whose dimensions exceed the limits presented in Table 1 . Additionally, in Table 2 we provide information about the maximal value of hypercharge for a single pair of VL fermions (N F = 2), for which the gauge couplings remain perturbative up to 10 15 GeV. When combined, perturbativity bounds in Tables 1 and 2 eliminate some of representations listed in Eq. 30. Eventually, we are left with a set of 24 distinct non-singlet SU (3) C × SU (2) L × U (1) Y representations: 
VL models with precise gauge unification
We are now in the position to perform a comprehensive analysis of the SM extensions with VL fermions that could potentially lead to precise unification of three SM gauge couplings at the energies in the range [10 15 − 10 18 ] GeV. With this goal in mind, we would like to proceed in a systematic way, gradually increasing the complexitity of the constructed models. The simplest scenarios could be engineered by adding to the SM one of the VL representations listed in Eq. 3. It is, however, a known fact [27] that precise unification is not possible within such a framework. The next possibility is then to consider two different VL representations with an arbitrary number of fermion copies within each of them. Theoretical and phenomenological properties of such models are the main objective of the present study.
Adding three (or more) independent VL representations makes our task more and more challenging. Note that 276 distinctive combinations of the VL representations listed in Eq. 3 need to be considered in the two-representation case. This figure increases to 2024 when three, and to 10626 when four different representations are considered. Each combination requires to scan over the numbers of VL fermions in each representation (see Table 1 ), as well as on their masses, which we always assume to be uncorrelated. This means that numerical complexity of the problem grows exponentially with every independent representation added. For this reason we focus in this study on the simplest case, leaving more complicated SM extensions for future work.
The numerical procedure employed in our analysis is the following. We use the 2-loop SM RGEs from M t up to the scale M 1 , at which the lightest of VL fermions show up in the spectrum. We assume for simplicity that all N F copies of the same representation have a common mass. Above M 1 we switch to the 2-loop RGEs for a generic BSM scenario, Eq. 15-17. At the scale M 2 the effects of heavier VL fermions need to be taken into account. Finally, we define a unification scale, M GUT , as the scale at which all three gauge couplings acquire a common value, g GUT ,
We require that the unified coupling is perturbative, i.e. g GUT ≤ 4π. Precision of the gauge coupling unification can be quantified by a set of three mismatch parameters, 1,2,3 . For each combinations (i, j), where i, j = 1, 2, 3, we determine a two coupling unification scale from the condition g i (M ij GUT ) = g j (M ij GUT ) = g ij . We then define a deviation of the third coupling from g ij as
and determine the true unification scale by requiring GUT = min( 1 , 2 , 3 ). In the SM SM GUT = 7.3%, indicating that the running values of the three gauge couplings do not really converge to a common number. We then define the precise gauge unification (PGU) by a condition < 1%. For each of 276 scenarios with two distinctive VL representations we scan over the number of BSM fermions, N 1 , N 2 , and their masses, M 1 , M 2 , and for each point in the 4-dimensional parameter space we determine GUT and M GUT . The parameters M 1 and M 2 are varied between 0.25 TeV and 10 TeV. The main results of the analyses are summarized in Table 3 . We found 13 different scenarios that allow for the PGU at the scale 10 15 − 10 18 GeV. Nine of them have been previously identified in [27] , while the scenarios F2, F3, F6 and F13 present completely novel solutions, characterized by either more than 12 copies of VL fermions in one of the representations, or VL masses larger than 5 TeV. Note that some of the successful combinations of representations allow for various choices of fermion numbers. This is, for ; and three exotic representations that are not realized by the ordinary matter. Incidentally, the resemblance of the quantum numbers characterizing VL fermions that allow for the PGU to the ones of the SM particles can have important phenomenological consequences once the Yukawa-driven mixing with the SM fermions is allowed.
It turns out that whether the gauge coupling unification is possible in a given model hinges strongly on hierarchy among the VL fermion masses. To illustrate this dependence, in Fig. 1 and Fig. 2 we present a distribution of the mismatch parameter GUT as a function of M 1 and M 2 for all 13 scenarios summarized in Table 3 . In red the region of the PGU is indicated, which will be of main interest for our further phenomenological analysis. As an additional information, we show in different shades of yellow departure from the precise unification condition as quantified by the increasing values of GUT . The width of the color bands can give one some idea on how easy the unification is, or, in other words, what is the required degree of fine-tuning among the mass parameters. The successful PGU scenarios can be divided in three distinctive categories, depending on the required mass hierarchy among the VL fermions. We will be referring to them later using the following labels:
In Sec. 4 we will demonstrate that the mass hierarchy characterizing a given scenario is crucial for the way the scenario can be tested experimentally.
Another quantity that significantly differentiates among the VL combinations listed in Table 3 is the unification scale. In Fig. 1 and Fig. 2 its isocontours are indicated as dashed black curves. Depending on the order of magnitude of M GUT , we divide our scenarios in three categories:
Low : M GUT 10 15 GeV , scenarios F1, F4, F9, (7) Medium : M GUT ∼ 10 16 GeV , scenarios F2, F5, F6, F7, F10, F11, F12, High : M GUT ∼ 10 17 GeV , scenarios F3, F8, F13.
We summarize the characteristics of the PGU scenarios in terms of the VL mass hierarchy and the unification scale in Table 4 . The color code refers to experimental techniques that can be employed in order to test the available parameter space of a model. We will discuss them in details in Sec. 4.
Before closing this section, we would like to comment on the fate of the identified PGU scenarios when the VL masses are pushed to energies much higher than 10 TeV. To analyze this issue, we repeated the numerical procedure of Sec. 3 extending the scanning ranges of M 1 and M 2 up to 10 10 TeV. We found that all the models listed in Table 3 , except F1 and F4, remain valid at higher energies, as could be anticipated from the shape of the red areas in Fig. 1 and Fig. 2 . Additionally, several new combinations of two VL representations become available.
The high energy behavior of the PGU scenarios may seem somehow discouraging, as in principle one may put the VL fermions well above the reach of any existing collider experiment and still achieve the gauge coupling unification. There is, however, one important remark to be made. The main factor that decides whether a given scenario is accepted or not, is the value of the unification scale, which we require to stay in the range 10 15 − 10 18 GeV. When the mass of VL fermions increases, the unification scale decreases, as confirmed by the shape of M GUT isocontours in Fig. 1 and Fig. 2 . As a consequence, experimental bounds from the proton decay measurements may at some point come into play. In the next section we will show that this is indeed the case and that the allowed parameter space of the PGU scenarios is limited from above.
Experimental tests of the PGU scenarios
In the previous section we identified all possible combinations of two VL fermion representations that allow for precise unification of the three SM gauge couplings. In the following we will focus on phenomenological properties of the PGU scenarios and discuss in details various experimental ways of testing the available parameter space. We remind the reader that we assume negligible Yukawa couplings among the BSM sector and the SM, therefore our VL fermions can only be produced via gauge interactions. Experimental signatures of the models with a large number of VL fermions have been discussed by one of us in Ref. [38] and we follow closely this approach. We will demonstrate the complementarity among the bounds provided by various experimental searches, resulting from the fact that each of them aim at constraining particular sets of color and electroweak quantum numbers. In combination with the specific mass hierarchies required by the PGU (see Table 4 ), it will allow us to derive strong lower bounds on the VL masses.
Proton decay
We assume that at the unification scale the symmetry group SU (3) C × SU (2) L × U (1) Y is embedded into a larger GUT group. Since in the unified framework the SM quarks and leptons belong to the same GUT multiplets, interactions are generated, mediated by heavy gauge bosons, that violate both the baryon and lepton number conservation. Proton decay is then a generic prediction of such scenarios. In non-SUSY models the dominant contribution to the proton decay width comes from dimension-6 gauge operators of the common structure QQQL. The exact form of these countributions highly depends on the realization of the GUT symmetry. However, a rough estimation of the proton lifetime can be made [39] τ p = 4π
as a simple function of the unification scale M GUT and the value of the unified gauge coupling g GUT . Proton decay has been experimentally searched for since the early 1990s by Super-Kamiokande (SK) underground water Cherenkov detector. The strongest lower bound on the proton lifetime is set by the decay channel p → e + π 0 and reads τ p > 1.6 × 10 34 years [40] . Hyper-Kamiokande (HK), a next generation machine, will be able to extend the limit by at least one order of magnitude, up to ∼ 2 × 10 35 years [41] .
The present (solid blue line) and projected (dashed blue line) limits from the proton decay as a function of the VL masses M 1 and M 2 are shown in Figs. 3 and 4 . The shaded blue area above the lines is disfavored. Scenarios F1 and F4 are already entirely excluded by the SK measurements. Scenario F9, on the other hand, is going to be entirely tested by HK. Scenarios that fall within the reach of the current proton decay experiments are also marked in Table 4 in light blue. As expected, all of them belong to the category "low unification scale".
Proton decay provides a unique experimental way of testing the PGU scenarios characterized by the BSM sector at the energy scales far above the reach of any present-day collider experiment. In fact, for all but one models from Table 3 In column 2 we indicate the models that are exluded by the measurement of the proton lifetime by Super-Kamiokande [40] , as well as the upper bounds provided by the projected Hyper-Kamiokande measurement [41] . In column 3 limits from the running strong coupling constant measurement by CMS [42] are shown. The numbers in parentheses indicate indirect limits whose derivation is described in the text. In columns 4 and 5 bounds from the ATLAS 13 TeV HSCP searches [43] are presented, for colored and noncolored particles, respectively. 100 TeV projections for the EWP tests [44] are shown in column 6.
the allowed VL masses. We report them in the second column of Table 5 for the projected reach from HK (the corresponding current bounds from SK are approximately one order of magnitude weaker). One can see that for several scenarios that belong to the medium GUT-scale category the upper bounds on VL masses are of the order of "only" several-tens TeV. This feature opens up an exiting possibility of entirely probing those scenarios in the (however distant) future.
Running of the strong gauge coupling
The RG running of the strong gauge coupling constant has been tested experimentally up to the energies of around 1.5 TeV. The most recent data comes from the measurement of double-differential inclusive jet cross section at √ s = 8 TeV with an integrated luminosity of 19.6/fb by the CMS Collaboration [42] . The value of the running coupling is extracted from the data as a function of the energy scale at which it is evaluated. The measurement is consistent with the predictions of the SM and as such poses a constraint on the minimal mass of any exotic colored particle.
In the third column of Table 5 we summarize the lower bounds on the VL masses M 1 and M 2 in each PGU scenario. The same limits are also depicted in Figs. 3 and 4 as dark green solid lines. Obviously, only the representations that transform non-trivially under SU (3) C can be directly constrained by the data.
There is, however, an interesting observation to be made. In the scenarios with the mass hierarchy H1, characterized by the color VL fermions much lighter than the non-colored ones, the running strong coupling allows one to indirectly put very strong lower bounds on masses of the fermions that are SU (3) C singlets and would be otherwise not affected by the CMS measurement. We indicate them in Table 5 as numbers in parentheses. As an example, let us consider scenario F6, whose parameter space is subject to various experimental constraints presented in Fig. 3(f) . The direct lower bound on M 2 from the running of g 3 reads in this case 0.8 TeV. The PGU region, however, is located in the lower part of the plot, as the unification requirement imposes M 1 M 2 . As a result, it is almost entirely probed by CMS and an indirect bound on the mass M 1 can be derived, which reads in this case M 1 ∼ > 9 TeV. We will later see that the indirect limits from the running of the strong coupling constant are actually stronger that any other bound provided by dedicated electroweak searches.
Enhanced susceptibility to color searches is marked in Table 4 in light green and, as explained above, it corresponds to the mass hierarchy H1. It is yet another example of the complementarity among particular properties of the PGU scenarios and their testability.
Direct LHC searches
In the absence of Yukawa interactions with the SM quarks and leptons, the VL fermions are stable 5 and can be experimentally looked for at colliders through heavy stable charged particle (HSCP) searches. Dedicated analyses performed both by the ATLAS and CMS collaborations utilize observables related to the ionization energy loss (dE/dx) and time of flight (ToF), which allow to distinguish massive and non-relativistic HSCPs from the light SM particles traveling with velocities close to the speed of light.
Two categories of signals are usually considered, depending on the type of charges carried by HSCP: one that consists of particles interacting strongly, and another in which HSCPs are lepton-like color singlets. The two would differ both by the production mechanism at the LHC and by the size of the production cross-section. In the following we will discuss them separately.
Colored HSCP
Let us first assume that a heavy stable particle can interact strongly. If the lifetime of such a colored HSCP is longer than typical hadronization time scale, it can form colorless QCD bound states with the SM quarks and gluons, the so-called R-hadrons.
The most recent ToF and dE/dx based analyses have been performed by ATLAS using a data sample corresponding to 36 fb −1 of proton-proton collisions at √ s = 13 TeV [43] , and by CMS using 2.5 fb −1 of data at the same energy [45] . Since in both cases no significant deviations from the expected SM background have been observed, a model-independent 95% confidence level (C.L.) upper bound on the R-hadron production cross section can be derived. 5 The presence of a stable charged particle at cosmological scales may be problematic from the point of view of dark matter properties. A way out is to introduce Yukawa interaction with the SM, small enough not to affect the RG running but large enough to allow the charged particle to decay. Note, however, that in the case of representations (8, 1, 0), (6, 1, 1 3 ) and (6, 1, 2 3 ) it is not possible to construct a decay operator with the SM matter. One would need to introduce, for example, additional scalars charged under SU (3) C . This provides a motivation to extend the current analyses in the future to include the scalar fields. In gray the PGU region is indicated. The area below and left to the solid green line is excluded by the measurement of the running strong coupling constant by CMS [42] . The limits from the 13 TeV ATLAS R-hadrons search [43] are indicated as a dashed green line. The corresponding lepton-like HSCP search excludes the area left to the dashed red line. 100 TeV projections for the EWP tests [44] are depicted as red dotted lines. Blue shaded region marks the exlusion by the proton decay measurement at Super-Kamiokande [40] . A projected reach of Hyper-Kamiokande [41] is shown as a blue dashed line. Such a result can then be translated into a lower bound on the BSM fermion mass within an arbitrary framework. An example usually considered by the collaborations is the gluino, the SUSY partner of the gluon and a benchmark for a BSM fermion with the SM charges (8, 1, 0) . The lower bound on the long-lived gluino mass reads 1.5 TeV for CMS and 2.0 TeV for ATLAS. In hadron colliders, any colored BSM fermion would be pair-produced at the leading order through gluon fusion or by quark-antiquark annihilation, with the production cross-section that solely depends on the SU (3) C quantum numbers. We calculated the pp →QQ crosssection at the leading order (LO) using MadGraph5 aMC@NLO, and then rescaled it with the k-factor of 2 to account for higher-order QCD corrections. We then compared the result with the observed exclusion limit on the gluino derived by ATLAS. The corresponding exclusion bounds applied to parameters M 1 and M 2 are indicated in Figs. 3 and 4 as dashed green lines. We also summarize them in the fourth column of Table 5 .
The limits from the R-hadron searches probe the parameter space in the same direction as the measurement of the running strong coupling constant from Sec. 4.2. Therefore, the mass parameter of the colored VL representations is constrained. As before, indirect bounds on the non-colored representations can be derived in the case of the type H1 mass hierarchy.
The effect is particularly visible for scenarios F6 and F9, which turn out to be excluded by the R-hadron searches up to at least 10 TeV. In several other scenarios M 1 receives a strong lower bound as well, which we indicate in Table 5 as a number in parentheses.
Note that in the presence of non-zero Yukawa interactions the VL colored fermions may decay before a bound state is formed. In such a case, the limits from the R-hadron searches will no longer apply. For that reason we indicate them in Figs. 3 and 4 with dashed lines, as contrasted with the running strong coupling constraints that are model-independent once the SU (3) C charges are fixed.
Lepton-like HSCP
If a charged HSCP does not interact hadronically, it will be produced through Drell-Yan (DY) processes and will predominantly lose energy via ionization inside the detector. In the analysis [43] with 36 fb −1 of data ATLAS interpreted the model-independent results in a benchmark model that assummes DY production of charginos. The corresponding lower limits on the HSCP mass reads 1090 GeV. In the analogous study by CMS [45] based on 2.5 fb −1 dataset, bounds on the mass of a generic lepton-like fermions with a unit electric charge were derived at 550 GeV.
To set lower bounds on the masses of VL fermions that are SU (3) C singlets, we used the chargino-dedicated search by ATLAS. The LO production cross-sections were calculated with MadGraph5 aMC@NLO, but no k-factor was added. The corresponding exclusion bounds in the (M 1 , M 2 ) plane are depicted in Figs. 3 and 4 as dashed red lines. We also summarize them in the fifth column of Table 5 .
The limits from the lepton-like HSCP searches allow to probe the scenarios with the mass hierarchy H2, in which the non-colored VL fermions are lighter than the colored ones. Susceptibility to electroweak searches is marked in Table 4 in light red. In general, the limits are significantly weaker than the corresponding color-based bounds due to the lower production cross-section. On the other hand, indirect lower bounds on the mass M 2 can be derived in scenarios F2, F5, F10, which turns out to be much stronger than the direct bounds from the R-hadron searches or running strong coupling measurement.
Electroweak precision tests
A complementary way to study properties of the VL fermions is to look at the processes below the M VL mass threshold. Such an approach can result particularly important if VL fermions are too heavy to be directly produced in the colliders, or not long-lived enough for dedicated HSCP searches to be effective. In this regard, high-energy measurements of DY processes at the LHC offer a promising way to indirectly look for VL fermions by testing departures from the SM predictions in electroweak precision (EWP) observables [44] .
In the VL extensions of the SM considered in this paper, the BSM contributions can manifest themselves in two oblique parameters [46, 47] functions and given by [48] W, Y = g 2 2,1
Here, ∆B BSM 2,1 denote the pure BSM contributions to the one-loop coefficients B 2,1 , Eq. 19 and Eq. 20, respectively.
The most up-to-date EWP experimental limits have been presented in [44] , including data from LEP [49] and LHC 8 TeV measurements by ATLAS [50] and CMS [51] . We checked that they do not provide any bounds on the parameter space of the PGU scenarios under study. However, since the effects of W and Y on DY processes grow with energy, the present experimental bounds can be significantly improved at the future colliders, by roughy two orders of magnitude at the projected 100 TeV machine [44] . The corresponding projections with 3 ab −1 are depicted in Figs. 3 and 4 as dotted red lines. They are also summarized in the sixth column of Table 5 .
As expected from the size of the corresponding gauge couplings and group-theoretical factors, the constraints on W are stronger than those on Y . Therefore, the projected EWP bounds are particularly powerful for VL representations with the non-trivial SU (2) L charges. As a consequence, in most cases it is the mass parameter M 1 that can be directly constrained by the EWP tests. The only exceptions are scenarios F11-F13, in which both VL representations can be constrained. Note also that in those three cases the projected EWP bounds can actually be competitive with the present day measurement of the running strong gauge coupling constant. Finally, it is worth to stress that similarly to what we observed in Sec. 4.3.2 for the lepton-like HSCP searches, in the PGU scenarios with the mass hierarchy H2 indirect lower bounds on the mass of the SU (2) L singlet representations M 2 can be obtained.
To summarize the findings of this section, we collect in Table 6 information about the current experimental status of the successful PGU scenarios. In this regards, we can divide them into three distinct categories. The first one encompasses scenarios F1 and F4, which are already excluded by the proton decay measurements, and scenario F9, which will be entirely tested by Hyper-Kamiokande. The second category corresponds to those scenarios (F6 and F13) that are excluded up to at least 10 TeV, but which become allowed once higher VL masses are considered. The remaining eight scenarios feature the parameter space that still evades experimental bounds for VL masses in the multi-TeV regime. It should be noted, however, that some of them (F2, F5, F8 and F11) could be in the future and with more data entirely tested within the considered mass range by the HSCP searches, while two others (F7 and F12) can be tested for the most part. Scenarios F3, and F10, on the other hand, will remain more challenging to explore.
Conclusions
In light of null results from New Physics searches at the LHC, we look at unification of the gauge couplings as a model-building principle and classify possible SM extensions that feature this property.
As a first step, we considered in this study extensions of the SM with two distinct representations of VL fermions. We analyzed all their possible combinations with the number of fermions in each representation limited only by perturbativity of the gauge couplings. We found 13 different combinations of two representations that allow for precise gauge unification at energies higher than 10 15 GeV, and for VL masses in the range 0.25 − 10 TeV.
Interdependence between types of spectra required by the unification condition and their susceptibility to experimental tests is the main characteristics of successful PGU scenarios. We showed that the effectiveness of a given search in probing the allowed parameter space of a model is directly related to its two features: mass hierarchy among VL fermions and the value of the unification scale. Scenarios in which the colored fermions are much lighter than the non-colored ones may be almost entirely tested by the measurement of the running strong coupling and by the LHC R-hadron searches. And vice versa, if non-colored fermions are much lighter, HSCP searches and EW precision tests become very effective. On the other hand, scenarios in which both VL masses are of the same order remain beyond the reach of present-days colliders. In this case, however, null outcome from the proton decay experiments allows to exclude those models that feature the low unification scale.
The results presented in this study clearly highlight the importance of combining different experimental strategies in order to derive the most robust constraints on the PGU parameter space. In this regard, proton decay measurements play a particular role, as they offer the only mean of probing the VL spectra above the multi-TeV regime. There is also a great potential in the direct HSCP searches at the LHC. We hope that our results will prove useful for experimental collaborations in choosing benchmark BSM scenarios for their future analyses.
The current study can be extended in different directions. First of all, one may consider more complex (and more realistic) BSM scenarios, featuring for example more than two VL representations or extra scalars. Secondly, the effects of non-gauge interactions (Yukawa and scalar types) should be taken into account, as they are bound to affect the phenomenology of PGU scenarios. After all, the desert seems like an interesting place to explore.
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A Group invariants and beta functions
Let us consider a symmetry group G. The quadratic Casimir operator for the representation R is defined as
where t A are the generators of the G in the representation R. The Dynkin index of a representation R is instead given by
The two are related through the dimension of the adjoint representation d(Adj),
It is convenient to parameterize the loop coefficients through the weights (p, q) for irreducible SU (3) representations R 3 , and, similarly, through the highest weight for SU (2) representations R 2 , d(R 3 ) = 1 2 (p + 1)(q + 1)(p + q + 2) , C 2 (R 3 ) = p + q + 1 3 (p 2 + q 2 + pq) , with p, q = 0, 1 · · · , d(R 2 ) = 2 + 1 , C 2 (R 2 ) = ( + 1) , with = 0, 1 2 , 1 · · · .
General two-loop beta functions for a system of gauge couplings g i of a direct-product symmetry group G i × · · · read [36]
where G i , R F i and R Si denote contributions from gauge bosons, Weyl fermions, and complex scalars respectively, and the sum is meant in both S 2 (R F i ) and S 2 (R Si ) over all fermion and scalar representations transforming nontrivially under G i .
The two-loop beta functions for SM augmented with N F fermions in the representation (R F 3 , R F 2 , Y F ) are straightforwardly derived from14, and read
with the one-loop coefficients determined as
The two-loop coefficients are given by
B Decomposition of the irreducible SU (5) representations
In this Appendix we collected the branching rules for the embedding SU (5) ⊃ SU (3) × SU (2) × U (1) [52] , 
